Let (M, g) be a manifold of bounded geometry with metric g. We consider a Schrödinger-type differential expression H = ∆ M + V , where ∆ M is the scalar Laplacian on M and V is a non-negative locally integrable function on M . We give a sufficient condition for H to have an m-accretive realization in the space L p (M ), where 1 < p < +∞. The proof uses Kato's inequality and L p -theory of elliptic operators on Riemannian manifolds.
Introduction and the main results

Let (M, g) be a C
∞
Riemannian manifold without boundary, with metric g = (g jk ) and dim M = n. We will assume that M is connected and oriented. By dµ we will denote the Riemannian volume element of M . We will consider a Schrödinger type differential expression of the form
where V ∈ L 1 loc (M ) is real-valued.
Operators associated to H
Let 1 < p < +∞. We define the maximal operator H p,max in L 
Operators associated to
We define
Throughout this paper, we will use the terminology of contraction semigroups, accretive and m-accretive operators on a Banach space; see Sec. 1.4 below for a brief review.
Domination and positivity
Suppose that B and C are bounded linear operators on L
Assumption (A1). Assume that (M, g) has bounded geometry.
Remark 2
In this paper, the term "bounded geometry" is the same as in [8, Sec. A.1.1] or [2, Sec. 1] . In particular, a manifold of bounded geometry is complete.
In the sequel, by A we denote the closure of a closable operator A.
We now state the main results. 
, for all λ ∈ C such that γ := Re λ > 0. 
Accretive operators and contraction semigroups
Here we briefly review some terms and facts concerning accretive operators, m-accretive operators and contraction semigroups. For more details, see, for example, [ 
where · denotes the operator norm.
By [7, Theorem X.48 ], a closed linear operator T on a Banach space Y is the generator of a contraction semigroup if and only if T is accretive and
By the Remark preceding Theorem X.49 in [7] , the following holds: if a closed linear operator T on a Banach space Y is the generator of a contraction semigroup, then T is m-accretive.
Preliminary Lemmas
In what follows, we will use the following notations for Sobolev spaces on Riemannian manifolds (M, g).
Sobolev space notations
Let k ≥ 0 be an integer, and let 1 ≤ p < +∞ be a real number. By W
where ∇ 
Remark 7 Under the assumption that (M, g) is a complete Riemannian manifold (not necessarily of bounded geometry) and 1 < p < +∞, the first and the second paragraph in the proof of [9, Theorem 3.5] give the proofs of the following properties:
where · denotes the operator norm (for a bounded linear operator
Remark 8 By an abstract fact, the properties (2) and (3) in Remark 7 are equivalent; see [7, Theorem X.47(a) ].
Remark 9
Assume that (M, g) has bounded geometry and 1 < p < +∞. Then by [8, Proposition 4.1] it follows that A p,max = A p,min . Thus, the properties (2), (3) and (4) 
Distributional inequality
Assume that 1 < p < +∞ and λ > 0, and consider the following distributional inequality:
where the inequality ν ≥ 0 means that ν is a positive distribution, i.e. ν, φ ≥ 0 for any 0 For the proof of Lemma 11 in the case p = 2, see the proof of Proposition B.3 in Appendix B of [1] . In the proof of Lemma 11, which we give in Sec. 4 below, we adopt the scheme of proof for the case p = 2 from [1, Appendix B].
Kato's inequality
In what follows, we will use a version of Kato's inequality. For the proof of a more general version of this inequality, see [1, Theorem 5.7] .
Lemma 12 Assume that (M, g) is an arbitrary Riemannian manifold. As
Then the following distributional inequality holds:
where
Remark 13 For the original version of Kato's inequality, see Kato [4, Lemma A].
In the sequel, with the help of Lemma 11, we will adopt certain arguments of Kato [6, Part A] to our setting.
and the Lemma is proven.
In the sequel, we will always assume that (M, g) is a manifold of bounded geometry.
Lemma 15 Assume that 1 < p < +∞ and 0 ≤ V ∈ L 1 loc (M ). Assume that λ ∈ C and γ := Re λ > 0. Then the following properties hold:
Proof We first prove property (1). Let u ∈ Dom(H p,max ) and
, from (7) we get the following distributional inequality:
By property (3) of Remark 7 and by Remark 9, it follows that
is a bounded linear operator.
Let us rewrite (9) as 
By (4) and by Remark 9 it follows that
By (10) and (11) we have
and (8) is proven.
We now prove property (2) . Assume that u ∈ Dom(H p,max ) and (λ+H p,max )u = 0. Using (8) with f = 0, we get u p = 0, and hence u = 0. This shows that λ + H p,max is injective.
We now prove property (3). Let λ > 0 and assume that u ∈ Dom(H p,max ) satisfies
We claim that u is real. Indeed, since (H p,max + λ)ū = f , we have (H p,max + λ)(u −ū) = 0. By property (2) of this lemma we have u =ū. Since f ≥ 0 and λ > 0, by (7) we have
Subtracting f = (λ + H p,max )u from both sides of (12) we get Proof We first prove the property (1). Let u k ∈ Dom(H p,max ) be a sequence such that, as k → +∞,
We need to show that u ∈ Dom(H p,max ) and H p,max u = f .
By passing to subsequences, we may assume that the convergence in (13) is also pointwise almost everywhere.
The distributional inequality (7) holds if we replace u by u k − u l , f by f k − f l and λ by 0. With these replacements, we apply a test function 0 ≤ φ ∈ C ∞ c (M ) to (7) and get
where ·, · denotes the anti-duality of the pair (
Using integration by parts in the second term on the right hand side of the second inequality in (14), we get
Letting k, l → +∞, the right hand side of the second inequality in (15) tends to 0 by (13). Thus V u k φ is a Cauchy sequence in L 1 (M ), and its limit must be equal to V uφ.
. This shows that u ∈ Dom(H p,max ) and H p,max u = f . This proves that H p,max is closed.
We now prove the property (2) . Since H p,max is closed, it immediately follows from (8) 
is a bounded linear operator with the operator norm
Proof We first prove the property (1). Since λ + H p,max has a closed range by Lemma 16, it is enough to show that (
From (17) we get the following distributional equality:
. By Kato's inequality and since V ≥ 0, we have
and, hence,
Since v ∈ L p (M ) (with 1 < p < +∞) and since Reλ = Re λ > 0, by Lemma 11 we get |v| ≤ 0. Thus v = 0, and the surjectivity of λ + H p,max is proven.
We now prove the property (2) . Assume that λ ∈ C satisfies γ := Re λ > 0.
is defined on the whole L p (M ). The inequality (16) follows immediately from (8) . This concludes the proof of the Lemma.
Proofs of main results
Proof of Theorem 3
We first prove the property (1). By Lemma 17 it follows that (−∞, 0) ⊂ ρ(H p,max ) and This concludes the proof of the Theorem.
Proof of Theorem 4
We first prove the property (1) . f . Then 0 ≤ u ∈ Dom(H p,max ), and, hence, using (10) with u ≥ 0 and f ≥ 0 we get
By ( This concludes the proof of the Theorem.
Proof of Lemma 11
We begin by introducing some additional notations and definitions.
Sobolev spaces
The norms in W 
Let 1 < p < +∞ and 1/p + 1/p = 1. By ·, · S we denote the anti-duality
This implies that (∆ M + λ)f = 0 in the sense of distributions, i.e. f is in the null-space of A p,max + λ, where A p,max is as in Sec. 1.2. By Remark 7 and Remark 9 it follows that f = 0.
This implies that
We will now show that
By Remark 7 and Remark 9 it follows that (A p,max + λ) 
The second equality in (24) holds since (A 2,max +λ)
is a bounded self-adjoint operator on L 2 (M ) (it is well known that, for a complete Riemannian manifold (M, g), the operator A 2,max is a non-negative self-adjoint operator in L In the sequel, we will use the following lemma. To conclude the proof, it remains to construct χ k in such a way that
where C > 0 does not depend on k.
In the case of any manifold of bounded geometry (M, g), the construction of χ k satisfying all the necessary properties can be found in [8, Sec. 1.4].
